This paper analyzes open dielectric waveguides using the vector finite-element method and boundary integral equations derived from the second Green's theorem. This finite-element formulation, together with the boundary operator, is solved using a penalty function method. Comparison In this Letter, the transverse-vector edge elements and the nodal z elements are used to eliminate spurious modes [7] . This approach sets the interfacial boundary conditions automatically inside the waveguides without the need of imposing the continuity of fields. To obtain modal properties of open dielectric waveguides, the exterior fields are obtained from the Green's second identity. Subsequently, the continuity of the tangential components of the H and E fields is applied at the surface of the waveguide. Since both FEM and BIE have the final matrices of the form Ax = Bx, the penalty-function method is used [8] [9] [10] . Our recent paper [11] has provided the accurate solutions but requires the iterations to obtain the final solutions. The major advantage of the penalty-method technique is that, after the penalty factor is specified for each mode, the propagating characteristics are obtained without iterations.
Several numerical techniques have been developed for the analysis of open dielectric waveguides [1] [2] [3] [4] [5] [6] . In particular, the finite-element method (FEM) with boundary integral equations (BIE) analyzes the propagation modes of open dielectric waveguides [5, 6] . These methods generally use the transverse components (E x − E y or H x − H y ) with nodal basis functions that require the continuity of longitudinal components (E z or H z ) to be set in all regions of interest. In this Letter, the transverse-vector edge elements and the nodal z elements are used to eliminate spurious modes [7] . This approach sets the interfacial boundary conditions automatically inside the waveguides without the need of imposing the continuity of fields. To obtain modal properties of open dielectric waveguides, the exterior fields are obtained from the Green's second identity. Subsequently, the continuity of the tangential components of the H and E fields is applied at the surface of the waveguide. Since both FEM and BIE have the final matrices of the form Ax = Bx, the penalty-function method is used [8] [9] [10] . Our recent paper [11] has provided the accurate solutions but requires the iterations to obtain the final solutions. The major advantage of the penalty-method technique is that, after the penalty factor is specified for each mode, the propagating characteristics are obtained without iterations.
A finite-element penalty method of calculating the propagation constant is presented for open dielectric waveguides, and good agreement with the published values is obtained for open rectangular dielectric waveguides.
The wave equation for the analysis of dielectric waveguides may be written as
where H = a x H x + a ŷ H y + a ẑ H z , k 0 is the wavenumber in free space, and r and r are the relative permittivity and permeability, respectively. To derive vector finiteelement formulation, H fields are separated into H t and H z , which denote the transverse and longitudinal magnetic fields, respectively, by assuming that the z dependence is of the form H͑x , y , z͒ = H͑x , y͒e −j␤z . At the specific frequency of choice, k 0 is defined, but the propagation constant ␤ is still unknown, which we need to find as an eigenvalue. To utilize the FEM method, multiplying Eq. (1) by H * and integrating over the surface S, which denotes the cross-section area of the structure, Eq .(1) simplifies to
where C represents the contour of the area S, n is the outward unit normal vector to C, and the vector identity ٌ · ͑A ϫ B͒ = B · ٌ͑ ϫ A͒ − A · ٌ͑ ϫ B͒ is used. The contour integral in Eq. (2) is omitted because, for guided mode, the power does not flow outward from the surface of the lossless waveguide. The guide region is subdivided into a finite number of triangular elements, and edge-based and conventional nodal interpolation functions are used for the transverse and longitudinal components, respectively. The transformation of variables as H t = ␤ −1 h t and H z = jh z are used to solve the finite-element problem efficiently [7] . After discretization, the wave equation (2) has the generalized matrix eigenvalue form:
where ͓L͔ and ͓R͔ are the global matrices that are assembled for all elements in the solution domain. Since Eq. (3) does not include the boundary conditions at the surface of the waveguides, we need to impose these. To obtain the exterior fields in terms of the interior fields, the second Green's identity is used [1] :
͑4͒
where G͑r , r 0 ͒ = K 0 ͑␣͉r − r 0 ͉͒ for the guided mode, ␣ = ͱ ␤ 2 − k 0 2 , and K 0 is the modified Bessel function of the second kind. The modified Bessel function has the asymptotic form K 0 ͑␣͉r − r 0 ͉͒ Ϸ −ln͑␣͉r − r 0 ͉͒ for ␣͉r − r 0 ͉ Ӷ 1, the integration in Eq. (4) involves a singularity, and the principal value is used. To impose the boundary conditions at the surface of the waveguide, the continuities of H t and E z are imposed, as shown in Fig. 1 . The boundary operator is the resultant eigenvalue matrix of the form
where ͓B L ͔ and ͓B R ͔ are the rectangular matrices. To utilize the penalty-function method, Eq. (3) needs to eliminate h z , and a reduced eigenvalue problem is obtained:
where
A solution that satisfies both Eqs. (5) and (6) is sought; the boundary-matrix equation (5) has the unknown propagation constant ␤ 2 , Eq. (5) is added to Eq. (6) with a penalty factor p, and a new generalized eigenvalue equation is obtained with 0 ഛ p ഛ 1:
͑7͒
Solution of this equation obtains the propagation constant ␤ as the eigenvalue for a given value of k 0 , which is 2 / , where is the free-space wavelength.
The advantage of the method is that the edge elements remove the spurious solutions in Eq. (6). In addition, the domain that is needed to be investigated is minimized by imposing boundaries at the surface of waveguides, and there are no iterations.
To determine the accuracy of this method, the rectangular dielectric waveguide that is lossless and invariant in the zdirection was analyzed to obtain the dispersion characteristics of the first two modes. The results are presented in the normalized form, with the normalized propagation constant B = ͑␤ 2 − 2 k 0 2 ͒ / ͑ 1 − 2 ͒k 0 2 and the normalized frequency V = k 0 W͑ 1 − 2 ͒ 1/2 / . The penalty factors of 0.5-0.55 and 0.3-0.4 were used for the first and second modes, respectively. The values of the penalty factor were determined by calculating the eigenvalues with the penalty factor ranging from 0 to 1 by the steps of 0.1 for a fixed value of k 0 (or ). Once the value of p is determined, the entire dispersion curve is calculated for different values of V. Figure 2 shows good agreement with the results of Marcatili [2] , which are approximate solutions of Maxwell's equations. Near the cutoff frequency for each mode, the agreement with Goell [3] is poorer. For the present case, W = L, the permittivity ratio r ͑= 1 / 2 ͒ = 1.01, and 930 triangular elements and 506 nodes were used. For a fixed value of V = 2.0, the error in B is plotted in Fig. 3 with the number of nodes.
In conclusion, a finite-element penalty method has been developed to find the propagation constant ␤ of open dielectric waveguides; the penalty method is used with the vector FEM and BIE matrices. The results obtained show good agreement with previous publications. This method has the advantage of eliminating spurious solutions by using edge elements, and no iterations are required after the penalty factor has been determined. 
